
Topic 6-WVector Spaces



HW6 Topic- Vector Spaces) Q
-

We are going to generalize ] Field
What a scalar/number

is
.

Then we will generalizeI rectorspace
What a vector

is.



E: A feed consists of a set F
of "scalars"

I

or numbers" and
two operations + and such

that if x
and y are scalars in F then

there exists Unique
elements XtY and xoy in F

.

Also the following properties
must holds

⑰ If a, b, c
are in

F
,
then :

a . (b + c) = ab +
a . c

a + b =
b + a

(b + c) . a =
b - a + c . a

a. b =
b . a

a + (b + c)
= (a+ b) + C

as(b - c) = (a , b) · c

⑰ There exist
unique elements

O and 7 is
F where

x + 0
= 0 + x

= x
and 1

- X = x - 1 = x

for all x
in F .

⑬ Let x be
in
F

.

element-x
in F

Then
there exists

a unique

where
x +
(x) = 0

and ( - x) + X
= 0

.

In addition if
XF0 ,

then there

-in F where

a unique
element X

exists

x . (x = 1 and (x ) x = 1 .

-n



Ex : F = RR , the set of
real 3

-

numbers, is a field using the

usual + and ..

F=

- Z
- I

is I a
field

Whythingand multiplying
real numbers

gives
a
real number .

① All the properties
fromare

true in R .

② I has
elements 6 and 7

that

behave as
in

③ We have
is true .

: In our
class

,

IR is theEonly field that we will use.
But let's see some others just to

see .



EX: The set
of complex

K is a
field.

numbers
-

②-

·
i ·

2+i
-

,z
-2

- I ↓
zi

· zi
· 2- Zi

We won't use this
field in

this class.

enexist fields
Ex: There
that are finite

in size .

You

get there by
"modular arithmetic"

.

-



Les

For our class, we
will

always use IR as

our field.

But I will
state theorems

for general fields .

Generalizewhat
Now we

a
"vector "is .

-



R: A rector space V over a field F consists ↳
-

of a set of "vectors"
V and a field F with

L

two operations , vector addition"
+ and "vector scaling" o

-> ->
->

z are vectors in
V and d , B

such that if v& w ,

are scalars from
F then the following

must hold:

① t is in V .

③ d. is
in V
->

③ + = w + V

④ + ( +El = (
+ ) +E V

⑤ there exists
a unique rectorrany Jin V.->

+ +
such that + y = 3

-> V where

⑧ there exists a
vector-vin

->
->

i + - v = 0
and (-Fl + V

=

->

⑦ 1. = v

⑧ (B) . F
= 2 . (Bo ->

④ d (+ ) = Lt
din
->

⑩ (+ B)
·
= d
. + B . V



Let V = IR" and F= /R 47

the field IR

R
"

is a vector space
over

using the usual Vector
addition and

scalar multiplication
.

Time- EX
-
-

Vectors
V= IR2Feld

--

F = R Sz =/·
L, 7

--

oraddition
:

<
,
z) + <0 ,

- 5) = 7 ,
- n

scalar multiplication :
-

5 . < 1
,
- 2) = <5,

- 107



One can check that this
↳

example satisfies all 10

properties of being a vector

did in
Some We

space.

class and HW in earlier

topics.



P99L
Ex: Let

V= M2
,
=

= 5) : ) /a, ers]

(ii), (vi)= ((88), infinitely
↑ y n& /

these are the
more

-"Vectors"
E

and F = R -
scalars

Vectors V = Ma
,
z

field F = IRUT I-(II) .



PS

We will use
the usual

addition L
at C

(ii) + (it) = (c) d)
10

and scalar
multiplication

-(in) = (=a)

One can
check that the

10 vector

space properties
hold

.

Vector is

Here the zero

5 = (88)
and the additive inverse

of i = ) &

is- = (q = a)

So
,

V = Mage is a rector space

over the field FIR .



#Pick some integer no ↳

(So, n can be 0
,

1
,
2
,
3
,
4
, 000

Let V be the set
of all polynomials

of degree
En ,

denoted by Pr .

II

"Vectors
So, E
V = Pn Aos- ~ ) areG aen&
= Ea+ a ,x + a,

x+ ... + anX

Let F
= IR.

Define rector
addition as

the

Usual polynomial addition

↳



That is, ↳

(a + 4 ,X + ... + Anx2) + (botb , x +
... + bexn

= (a -+ bo) + (4 ,
+ b

,
) x + ... t (antbelx

Scalar multiplication
is

> (a+ G , x +...
+ a -
x")

= (dad + (64 . )x + ... t (dar)x

Two polynomials
are defined

to be

equal if they
have the

same

coefficients.
That is ,

dot 9 , X
+ ...

AnX = botb ,
X + ... + be x

if and only
if

do = bo ,
a
,
big .... an = br



Here ,
43

E = 0 + Ox +Ox+ 1 + 0x

and

- (ao + a , X + acX
2
+ ... + anXY)

= (- 40 + (
- 4

, )x + (a,
X ...

+ fan(xY

verify that properties
One can

Q-D one
true and

hence

V = Pr is a
vector space

F = IR .

over



Ex: F = R+
&14

↳vectors
V = P = ↓

= Ea + a ,
x + 42X2+ asX3)adis anise

109
T= [1 - x·C10 +0x +0x+ 0x3↑
o+Ox+

Ox+ Oxc1 + (- 1x +0x+0x
3
& O 3

1 x
-x + x, e ↑
+Ox+ 1 .x le

Examples of adding & scaling :-
-

( - x) + (1 + x
-x x)) = 2

- x2+ x3

5(( + x -x + x) = S + 5x
- Sx+ 5x



Notice that Ps behaves Res

like 14.
.
The powers

of X are

like placeholders.

3)+ (5
- x +
x+ 2x3)

M M->- m↳↳
+ 3 X

= 6 + X

This is like

i
and scaling

3 . )1 + x
- x+5x

= 3 + 3x-
3X+ 1Sx

that's
like

3 (1 , 1 ,
- 1
,
5) = (3, 3,

- 3
,
15)



P9ef: Let V be a V L16
Vector space

over a

field F .

Let W W

be a subset of
V.

We say that
W is E
-

↓
a subspace

of V

if the
following

three
conditions

hold:

W is closed

④ isinare in W, I under vector

+ is in W
.

addition

then

③ If E is in Wand & W is
closed

under scaler

is in F
,
then 3 multiplication

LE is in W .

V
↑

W
z

·
5 .

- .
.E

W

-
ovE· L

-onecan show that if W is a subspace
Note :
-

of U if andrely if W itself is a

vector space living inside of V .



P9
EX : Consider the rector L17
-

V = RR over the fieldspace

F = IR .

Let

w = 2(x,07/xe1R3
= G(0,0 ,

( 1 ,0) ,
(π,07, - g-)

I
x =
11
x=T

infinitely⑭x =0 many

V= IR2

· <1, 17 Let's Prove

Wi · [0,π7 that WOE40, is a subspace

O .
( 1
, 07 of V .O

prod

O
<π/ 07

· < 2107
->



④ Set x = 0 in < X , 07 and we ↳
W .

18

get that <0 , 07
= is in

② Let is E be in W .

i = <Xy0)
and 5 = (x4 ,

0)

Then,
where

x1 X2
EIR .

-

Then
,

+ w
= <X , +

X2 ,
07

which
is an

element of
W .

↓
be

③ Let E
be in W and

in F = RR .

Since E is in W we
know

that

E = <X , 0)
where x

EIR .

Then ,
d = 2 <x ,

0 = (2x,
0)

which
is an

element
of W .

and we
have that

2
By Q , 0 ,
W is a subspace of

VIIR #



Ex : Consider the vector space (
-

V = IR over F
= IR .

Consider

w = 2<x, 1)x-1R3
= [0, 17,

(π, k,
= Es,..3

me - ↑
-x =π x =

-E
infinitely

X = u [many
more

V= /R2

·
<0, 27

Y
e <2
, 10)O. 0,k·OT zit

O



It turns out that W is not a ⑳
subspace of V = 12 .

Frexample:

① Note that
=< 0, 07

is not of

the form <X , 1 .
Thus, W

So w is not a
subspace

of V=1R .

Thecould also show
thator

don't hold
for W .

For example :
-

② Let
- = (2 ,K

and = (3,K .

Then

Hom
tmebothina 3,

V = 12
= 25,

27

which
isn't in

W .

·condition
doesn't

(2, <5
,2)

This,
W is not

· (3
, 17 .

hold and
of V = IR2 .

a subspace



EX : Let F=RR and R
-

V = Man = S(q)/a,
b,, d
-> R)

=(E) , (8) , (8),
infinitely-

We talked about
how ↳ many

in Mz
,
z

M2
,
2
is vector space

Where
vector addition

is given by

(ii) + (i) = (ig a

and scalar
multiplication

is given by

ab

Cal
= lade



22R
Let

w = 5(3)/dFais El
= S(i2) , (5-8) ,.pm
m

- 5 = 5-10 infinitelyL2 = 1 + 1 many
more

Before we prove
I is a

subspace :

(8 % ) EW because
0 = 0

+ 0 .

(ii), (3)EW
and (iz) + (1)--(3) Ew

because
-3= 6-9

I

(ii) Ew and 3 . ( , 2) = (3)
En

because 6 = 3
+3



Let's prove that W is a ↳23

subspace of V = Ma
,
z

.

Prof: We need
to check

the

theorem .

3 criteria
from the previous

① Is = (88) in W
C

Yes
,

if we set
a= b = c

= d = 0

d= a+b
-

= (= 3) = (88)
and

o = 0+
O

then

② Is W closed under
rector

addition

Let Fare TbeinWisa(

Where Cisbi , Ci ,
dis Ca,ba , , da

ER

and d, = atb ,

and de = Aztbe
-
-

-> W
since we

since EW



Then
,

(24

(
a
,
+ Az bi + b)i + =

c, + 2
ditda

Adding d. = a ,th ,
and deantbe

gives
ditdz = a ,

+b
,
+ actbe

Regrouping
gives

Laidlarant(b.jbte

So
,

W is closed
under

Vector

addition .

④



s
③ Let's show that W is

closed under scalar multiplication .

Let EW
and deR
-

F = R

Since EEW we know
that

E = (9b) where
a
,
b
,
c
,
dER

and d = a+
b

.

Then ,

c = x(ii) = (a)
d = a+

b by a
gives

Multiplying
(d) = (a)

+ (b) (**)

And ( ** )
tells us

that

-
=( )

is in
W.

2z

Thus
,
W is closed

under scalar
multiplication .



Since W satisfies properties ⑭26

Q, OS
and ③ above,

V= M2 , z .

2

W is a subspace
of

⑪

-


